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Abstract 

In the most general two-Higgs-doublet model (2HDM), unitary transformations between the two 
Higgs fields do not change the functional form of the Lagrangian. All physical observables of the 
model must therefore be independent of such transformations (i.e., independent of the Lagrangian 
basis choice for the Higgs fields). We exhibit a set of basis- independent quantities that determine 
all tree-level Higgs couplings and masses. Some examples of the basis-independent treatment of 
2HDM discrete symmetries are presented. We also note that the ratio of the neutral Higgs field 
vacuum expectation values, tan (5, is not a meaningful parameter in general, as it is basis-dependent. 
Implications for the more specialized 2HDMs (e.g., the Higgs sector of the MSSM and the so-called 
Type-I and Type-II 2HDMs) are explored. 



1 



I. INTRODUCTION 



The Standard Model of electroweak physics, which posits a single hyper charge-one, 
SU(2) L doublet (complex) Higgs field, provides a extremely successful description of ob- 
served electroweak phenomena. Nevertheless, there are a number of motivations to extend 
the Higgs sector of this model by adding a second complex doublet Higgs field □DDDDD 
Perhaps the best motivated of these extended models is the minimal supersymmetric ex- 
tension of the Standard Model (MSSM) Q, which requires a second Higgs doublet (and its 
supersymmetric fermionic partners) in order to preserve the cancellation of gauge anoma- 
lies. The Higgs sector of the MSSM is a two-Higgs-doublet model (2HDM), which contains 
two Higgs supermultiplets H u and H d , that are distinguished by the sign of their hyper- 



chargc |3. iQ]. This establishes an unambiguous "theoretical"" basis for the Higgs sector of 
the Lagrangian. The structure of the MSSM Higgs sector is constrained by the supersym- 
metry, leading to numerous relations among Higgs masses and couplings. However, due to 
supersymmetry-breaking effects, all such relations are modified by loop-corrections, where 
the effects of supersymmetry-breaking can enter. Thus, one can describe the Higgs-sector 
of the (broken) MSSM by an effective field theory consisting of the most general two-Higgs- 
doublet model. 



In a realistic model, the Higgs-fermion couplings must be chosen with some care 



to avoid flavor-changing-neutral-currents (FCNC). The 2HDM can be classified by how this 
issue is addressed. In type-I models |l0, |ljj , there exists a basis choice in which only one of 
the Higgs fields couples to the Standard Model fermions. In type-II models [ill, [3], there 
exists a basis choice in which one Higgs field couples t o up -type quarks, and the other Higgs 
field couples to down-type quarks. Type-Ill models [13] allow both Higgs fields to couple 
to all the Standard Model fermions; such a model is phenomenologically viable only if the 
resulting FCNC-couplings are sufficiently small. 

From a phenomenological bottom-up perspective, it is important to study the properties 
of the most general 2HDM [14] without imposing any special relations among the tree-level 
parameters. The 2HDM Lagrangian depends on two identical hyper charge-one, SU(2) L dou- 
blet Higgs fields, $i and $2- If 3>i and $2 couple identically to all other fields (fermions and 
gauge bosons), they are only distinguished by the scalar interactions contained in the scalar 
Higgs potential. Consequently, one is free to choose an arbitrary basis in the Lagrangian 
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for the two dimensional space of Higgs fields 0| , corresponding to two arbitrary orthogonal 
linear combinations of <£>i and $2- The couplings and mass matrix elements will depend on 
this basis choice. In particular, the important parameter of the MSSM, tan/? = (H°) / (Hj), 
is not a physical parameter of the most general 2HDM since its definition refers to a specific 
basis choice for the Higgs fields. The aim of this paper is to establish a basis-independent 
formalism for analyzing the most general 2HDM. This provides a framework for expressing 
any physical observable (e.g., Higgs masses and couplings) in a form that is independent of 
the basis choice. 

It is often phenomenologically desirable to express the parameters of a field theory as 
functions of basis-independent physical observables 

[3, 

Il7l. Il8||. This procedure has various 
advantages: it leads to parameters that are uniquely defined, gauge invariant and typi- 
cally well behaved under renormalization. One simple and straightforward alternative is to 
choose a basis and consistently calculate there. However, results expressed in terms of basis- 
dependent Lagrangian parameters are meaningless without identifying the basis, and the 
comparison with results computed in a different basis choice is often difficult. This situation 
can be avoided by constructing quantities that are invariant under arbitrary basis transfor- 
mations in the space of fields, and expressing the fundamental Lagrangian parameters in 
terms of these "invariants". We wish to draw attention to this procedure in the 2HDM, 
where one must specify the basis for the scalar fields before defining the Higgs potential 
parameters, the Higgs-fermion Yukawa couplings and tan j3. 

In the 2HDM, we define "invariants" to be quantities that are scalar under arbitrary 
unitary transformations among the two Higgs fields in the Lagrangian 00, HQ- ah 
physical observables can be expressed in terms of invariants. The parameters that appear 
in the Lagrangian with respect to a generic basis of Higgs fields are not physical. Never- 
theless, even in the most general model, certain specific basis choices are singled out, and 
the corresponding Lagrangian parameters become meaningful. Henceforth, we shall desig- 
nate such parameters as "physical parameters." For example, in the CP-conserving 2HDM, 
the Lagrangian parameters in the basis corresponding to the neutral CP-even Higgs mass 



eigenstates are physical parameters |21|. That is, any coupling or mixing angle in the mass 



eigenstate basis can be expressed in terms o 



bases is the so-called Higgs basis 
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invariants. One particularly useful class of 



231 ] in which only one of the two scalar fields 



exhibits a non-zero vacuum expectation value. We shall demonstrate that the Lagrangian 
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parameters with respect to the Higgs basis are closely related to physical parameters. 

In this paper, we construct invariants in two ways. In the body of the paper, we combine 
covariant tensors constructed from the Higgs potential parameters and the vacuum expec- 
tation values to obtain scalar quantities. This elegant approach is rather abstract, so in the 
appendices we explicitly construct eigenbases corresponding to the orthonormal eigenvectors 
of various physically relevant second-ranked tensors. By contracting these eigenvectors with 
the Higgs potential parameter tensors, one can identify which combinations are invariant 
and correspond to physical parameters. 

In section |Hj the scalar potential is expressed in a covariant notation with respect to the 
U(2) transformations between the two Higgs fields, and we introduce a set of invariants that 
govern the model. These invariants depend on the Higgs potential parameter tensors and 
a matrix V constructed from the vacuum expectations values. The eigenvectors of V form 
an orthonormal basis that defines the Higgs basis. A review of the 2HDM in a generic basis 
and in the Higgs basis can be found in Appendix El where we also exhibit explicit relations 
among the corresponding Higgs potential parameters. In Appendix El we explicitly combine 
eigenvectors of V with Higgs potential parameter tensors to obtain quantities that depend 
linearly on the Higgs potential parameters. We show that some of these are invariant with 
respect to U(2) transformations and hence "physical", whereas others have undetermined 
phases. In section IIII1 we construct invariants that vanish when the discrete symmetries 
$1 — ► $1, $2 - * and CP-symmetry, respectively, are realized. The relation of the 
$i — > $i, $2 —* —&2 discrete symmetry to the permutation symmetry $i «-> $2 is discussed 
in Appendix O In sections IIVI and we restrict our analysis to the CP-conserving 2HDM 
scalar potential. We first construct the physical Higgs boson couplings to vector bosons 
and the Higgs self-couplings in terms of basis-independent parameters. We then study the 
Higgs-fermion interactions in the 2HDM, using a choice of basis motivated by the model 
to compute the physical Higgs-fermion couplings in terms of invariant couplings. In doing 
so, new tan/3-like parameters arise that are directly defined in terms of physical Yukawa 
couplings. Both CP-conserving and CP-violating Higgs-fermion interactions are treated. 
Finally, a brief summary is provided in section IVI1 
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II. BASIS-INDEPENDENT ANALYSIS OF THE 2HDM 

The most general two-Higgs-doublet extension of the Standard Model jj, [lj, |^ is a 
theory of two identical hypercharge-one complex doublet scalar fields $1 and $2- We shall 
denote the complex two-dimensional space spanned by these two fields as the Higgs flavor 
space. The canonically normalized (gauge-covariant) kinetic energy terms of the scalar fields 
are invariant under arbitrary global U(2) transformations in this flavor space. Thus, we are 
free to redefine our two scalar fields by making an arbitrary U(2) transformation. A specific 
choice of fields will be called a choice of basis. Since physical observables are independent 
of this choice of basis, it is desirable to formulate the Higgs sector of the theory in a basis- 
independent manner. 

Nearly all discussions of Higgs physics employ a specific basis choice. In the generic basis, 
one expands the Higgs fields around their vacuum expectation values ($°) = v a / a/2 (a = 
1, 2), and the parameter tan/5 = i^/Vl plays an important role in the Higgs phenomenology. 
However, this parameter cannot be meaningful in general, as it is basis-dependent. In fact, 
this parameter disappears completely if one transforms to the Higgs basis, where the Higgs 
vacuum expectation value resides solely in one of the two Higgs doublets. 1 This suggests 
that the Higgs basis is special. In this section, we shall demonstrate that the parameters 
that appear in the Higgs basis are closely related to basis-independent quantities. 

The scalar Higgs potential of the 2HDM can be written in terms of the two complex 
hypercharge-one, SU(2) L doublet scalar fields, following ref. jf|, as: 



where the indices a, b, c and d run over the two-dimensional Higgs flavor space and 




(1) 



Z, 



abed 



z, 



cdab • 



(2) 



Hermiticity of V implies that 





(3) 
(4) 



The generic basis and Higgs basis are reviewed in Appendix El In particular, eqs. (|A13|) - (|A22|I provide 
the relations between the Higgs potential parameters in the generic and Higgs bases. 
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We can match the standard 2HDM notation given in eq. (|A1|) by making the following 
identifications: 



Yii = m n , Y 12 = -m 12 , 

Y 21 = -(m 2 12 )*, Y 22 = m 2 22 , (5) 



and 





= A 1; 




-Z2222 


= A 2 , 




Z\\ 22 


= -Z2211 


= A 3 , 


Z\ 22 \ 


= Z2112 


— A4 . 


Z\ 2 \ 2 


= A5 , 




Z2121 


— A5 , 




Z\i\ 2 


= -Zl211 


— A6 , 


^1121 


— -^2111 


= A^ ; 


Z 22 \ 2 


= -^1222 


= A 7 , 


^2221 


— -^2122 


= a;. 



(6) 

We assume that the vacuum respects the electromagnetic gauge symmetry. That is, the 
vacuum expectation values of $1 and $2 are assumed to be aligned in SU(2)l space, and 
we follow the standard convention (after using the appropriate SU(2)l transformation) in 
writing: 



v 







*«> = h (7) 



y/2 



where v a is a vector of unit norm. Taking the derivative of eq. ([TJ with respect to 
and setting ($°) = v a j a/2, we find the covariant form for the scalar potential minimum 
conditions: 

dl[Y al + lv 2 Z aia! vtv d } = 0. (8) 

Under the flavor SU(2), the two Higgs doublets fields transform as $ a — > U a i§b (and 
$5 = $IC/^ S ), where U\^J a c = &bc and det U — 1. Likewise, the tensors Y and Z transform 
covariantly: Y a i — > UacY^llj^ and Z a i c ^ — > U a eU^U C gUl i ^Z e j g j l . The use of barred indices is 
convenient for keeping track of which indices transform with U and which transform with 
W. For example, in this notation, t>i = (v a )*, which makes the starred superscript on t> s 
superfluous (although we will maintain it for the sake of additional clarity). These SU(2) 
transformations are symmetries of the physics (not of the Lagrangian), in the sense that 
physical observables must not depend on the arbitrary basis choice made in the Lagrangian. 
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The flavor-SU(2) group of transformations can be enlarged to U(2). 2 In particular, the 
transformation laws noted above continue to hold where U is a U(2) matrix (and the con- 
dition det U = 1 is removed). It should be noted that U(2) = SU(2)xU(1)y, where the 
(global) hypercharge U(l)y transformation is a symmetry of the Lagrangian, and thus has 
no effect on the parameters of the Higgs potential, Y a i and Z a i c g. It is useful to keep track 
of the U(l)y transformation properties of various quantities because physical observables 
must also be U(l)y-invariant. Thus, we shall focus on U(2)-invariant scalars, keeping in 
mind the distinction that U(l)y is a symmetry of the Lagrangian, whereas the flavor-SU(2) 
transformations change the parameters of the Lagrangian, 

We shall construct various U(2)-invariants below that depend on the Higgs potential 
parameters Y a i and Z a i c ^ and the vacuum expectation values v a . In particular, any U(2)- 
invariant that depends on the vacuum expectation values must be a function of v a vt. Thus 
we follow ref. [f| in defining the hermitian matrix 3 

V a i = v a vl. (9) 

The matrix V transforms covariantly with respect to U(2). Note that V possesses two 
eigenvalues, 1 and 0, corresponding to orthonormal eigenvectors v a and 

w a = -e ab Vi, (10) 

with the inverse relation v£ = e^Wb- Here, orthogonality with respect to the complex two- 
dimensional Higgs flavor space means that v a w* a = 0. In defining the unit vector w a , we have 
introduced the tensors e a & and e^, with ei 2 = — e 2 i = 1 and en = e 22 = 0. 4 The normalized 
eigenvectors are defined only up to an arbitrary phase, which implies that invariant quantities 
can only depend on v and w via the combination V a i, as noted above. In particular, 

Wab = W a wl = 5 a l - V al (11) 

2 The flavor-U(2) transformations were first applied to the 2HDM in ref. A nice textbook discussion 
is given in ref. Q. These transformations have recently been exploited by ref. in a study of the 
CP-violating 2HDM. 

3 V a jj is not an independent tensor, since it depends on Y and Z via the scalar potential minimum conditions 
[cq. ©]. The latter can be rewritten as: [VY) a i + jv 2 Z e ^ c gV aS Vdc — 0. Nevertheless, there is no simple 
closed-form formula for V a i in terms of Y a i and Z a i c ^. Consequently, we shall construct invariants that 
depend explicitly on V a i in what follows. 

4 Note that 8 a i is a flavor-U(2)-invariant tensor, whereas t a b and e a f, are only flavor-SU(2)-invariant tensors. 
The identity tabbed = ^ac^bd ~ ^ad^bc relates the two tensors. 
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so that W a i is not an independent tensor. Eq. (fTTj) and the following results imply that V 
and W are projection operators: 

V 2 = V } W 2 = W, VW = WV = 0. (12) 

Since the tensors V ab -, Y a i and Z a 5 C( j exhibit tensorial properties with respect to global U(2) 
rotations in the Higgs flavor space, one can easily construct invariants with respect to U(2) 
by forming U(2)-scalar quantities. Combinations of covariant tensors can be represented 
diagrammatically. The tensors V a i, Y a i and Z a i c ^ can be depicted by two and four-point 
"vertices", with incoming (outgoing) lines corresponding to unbarred (barred) indices, as 
shown in Fig. 1. 




FIG. 1: Diagrammatic representation of covariant tensors. The two point vertices V a i and Y ab are 
indicated by the symbols ® and X , respectively. The four-point vertex Z a i c ^ is depicted by four 
incoming line segments (meeting at the vertex point) where the indices appear in clockwise order. 
Unbarred (barred) indices are represented by incoming (outgoing) directed line segments. 

As noted above, 5 a i is the only U(2)-invariant tensor that can be used to contract a pair 
of indices. Hence, one can only contract an unbarred index with a barred index (or vice 
versa). For example, 

^cJ = &bcZ a l c d = Z a i b j , Z^J = 5 b aZ a i c g = Z a&c g. (13) 

Using the vertex rules given in Fig. 1, the two tensors of eq. (|T3j) can be depicted dia- 
grammatically as the one-loop bubble diagrams shown in Fig. 2. Similarly, U(2)-invariant 
quantities can be represented by "vacuum" diagrams with no external lines. 

We now turn to the task of constructing independent invariant (scalar) combinations of 
Higgs potential parameters. Such invariant quantities can be directly related to physical 
quantities which must be basis-independent. We may combine the tensors Y a i, Z ab - Cl }, and 
V a i to create scalar quantities by summing over pairs of indices (following the rule that the 
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a 




c 



FIG. 2: The one-loop bubble diagrams corresponding to (a) Z a5 = Z ab - b ^ and (b) Z b - = Z ad bc- 
These two diagrams are distinguished, since the Z-vertex must be read in a clockwise fashion. 

summed index pairs must contain one unbarred and one barred index). It is also convenient 
to employ W a i = 5 ab — V ab introduced above. We can exhibit thirteen invariants that 
depend on the Higgs potential parameters and the vacuum expectation value by defining six 
real flavor-U(2)-invariants (denoted below by Y\$ and Zi.2,3,4) and four complex index-free 
quantities, denoted by Y 3 and Z 5t6<7 , which are constructed from Y ab -, Z abcd v a and w a . These 
quantities are invariant under the Higgs flavor-SU(2) transformations, but are not invariant 
with respect to U(l)y as shown in Appendix^! From these four complex SU(2)- "invariants" , 
we may extract seven flavor-U(2) invariants consisting of the magnitudes and relative phases 
of these four complex quantities. 

The simplest invariants that can be constructed with Y, V and W are given by 

Y 1 = Tr (YV) , (14) 
Y 2 ee Tr (YW) , (15) 
|Kj| 2 ee Tr (VYWY). (16) 

Likewise, the simplest invariants that can be constructed with Z, V and W are given by: 





= Z abcd VbaYdc ) 


(17) 


z 2 


= z aicJ w ba w d5 , 


(18) 


Zz 


= Z a l cd -VbgWdc, 


(19) 


z^ 


= Z a l cd W d aV b c, 


(20) 


z,\ 2 


= ZalcdZejgl VfaW b eV h5 W d g , 


(21) 


z 6 \ 2 


= ^afecd^e/gh VfaVbeVhcW d g , 


(22) 


z 7 \ 2 


= Z a l cd Z e f g h VfaWbeWhcW d g . 


(23) 
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The remaining three invariants correspond to three relative phases of Y 3 and ^5,6,7- One 
possible choice is: 

Y 3 2 Z; = (VYW) ba (VYW) d - c Z abc(1 , (24) 

Y 3 Z; = (VYW) bs V d - a Z aic(i , (25) 

Y 3 Z* 7 = (VYW) bs W d - a Z aicd -. (26) 

Using the rules of Fig. 1, each of the invariants above is easily represented by a simple 
vacuum diagram (or sum of such diagrams). Using these diagrammatic techniques, one can 
easily show that no additional independent invariants exist that are linear or quadratic in the 
Higgs potential parameters. Further higher-order invariants could be constructed containing 
additional powers of Y, V or W. However, we will argue below, and prove in Appendix iBl 
that any higher order invariant can be expressed in terms of those given in eqs. ()14 |) — (|26 |) . 

The invariants given in eqs. (fT4*j) - (f2T)j) are particularly simple in the Higgs basis [see 
Appendix [X], where V and W are given by: 

( n 



V 



w 







(27) 



Following Appendix El we denote the Higgs potential parameters in the Higgs basis by M?- 
(i, j = 1, 2) and A& (k = 1, . . . , 7). After inserting the Higgs basis forms for V and W into 
eqs. (HUMES)), we obtain: 

Y x = M\ x , Y 2 = M| 2 , Zi = Ai (i = 1, 2, 3, 4) , (28) 

for the real Higgs basis parameters and 

\Y 3 \ 2 =\M? 2 \, iZ^HAil 2 (i = 5, 6,7), 

YiZt=[M? 2 ] 2 A* B , Y 3 Z* = —M 2 2 A* (i = 6, 7), (29) 

for the complex Higgs basis parameters. 

The form of eq. (|27|) implies that V and W serve as projection operators for the Higgs 
basis field invariants H\Hi and H\H 2 . In particular, in the diagrammatic representation 
of invariants, the insertion of V projects out Hi and the insertion of W projects out H 2 . 
Thus, each of the lines of the vacuum diagrams corresponding to the invariants listed in 
eqs. (fH |) -(|2T) )) can be identified with one of the two fields Hi and H 2 of the Higgs basis. All 
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such vacuum diagrams must contain an equal number of fields and their complex conjugates 
(corresponding to ingoing and outgoing lines). Hence, there are no complex U(2)-invariants 
that are linear in the scalar potential parameters. 

The scalar minimum conditions can be rewritten in terms of the U(2)-invariants intro- 
duced above. First we multiply eq. (jSJ) by % to obtain one of the minimum conditions: 

Y 1 = -±Z 1 v 2 . (30) 

A second minimum condition can be obtained by multiplying eq. (jHJ) by Wb- Using eqs. (|B4)1 
and ()B8j) . it follows that Y% = — ^Zqv 2 , which can be rewritten in terms of U(2)-invariant 
quantities as 

|r 3 | 2 = \\z 6 \ V, y 3 z; = -l\Z 6 \ 2 v 2 . (31) 

Consequently, after imposing the scalar minimum conditions, two of the thirteen invariants 
above can be eliminated via eq. (J3T| . leaving eleven independent invariants. 5 This corre- 
sponds precisely to the number of parameter degrees of freedom of the 2HDM, as discussed 
in Appendix IA1 

Having enumerated the independent invariants, one can begin to relate them to physical 
observables of the theory. One consequence of the analysis relating invariants to the Higgs 
potential parameters in the Higgs basis is that the parameter tan (3 is redundant (as it does 
not appear in the Higgs basis description of the 2HDM). More precisely, in the general 
2HDM, tan/5 is a basis-dependent quantity. This means that physical quantities (e.g., 
Higgs masses and physical couplings) cannot depend on the (unphysical) angle between the 
two vacuum expectation values. Physical quantities can depend on the angle between the 
vacuum expectation value v a and another direction in the Higgs flavor space picked out by 
an interaction (e.g. a mass matrix eigenvector). We illustrate this explicitly in section HVl 
This suggests a procedure to provide a meaningful definition of tan/3. For example, even 
in the most general 2HDM, the Higgs potential depends on tensorial quantities, which can 
be used to define various matrices. The two eigenvectors of these matrices can be used as 
basis vectors which defines a basis that generally differs from the Higgs basis, and thus can 
be used to define tan (3. In a CP-invariant theory, an obvious choice would be the CP-even 
mass eigenstate basis. 

5 Since we count v 2 as one of the parameter degrees of freedom, the application of the scalar potential 
minimum conditions does not affect the overall counting of degrees of freedom. 
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Other possible matrices, whose eigenvectors can be used to define a new basis, include: 
Y a l, Z ) and Z ) . However, in such cases there is a two-fold ambiguity in the definition 
of tan /3 corresponding to the interchange of the two identical scalar fields. As an example, 
consider a definition of tan/3 corresponding to a basis in which Y" 12 = 0. This is the basis 
spanned by the eigenvectors of Y. In this basis, we define \di\ = cos/3 and |€? 2 1 — sin/3 
(where < /? < 7r/2). A simple computation in the Y\ 2 = basis yields: 

2 Tr (VY) - Tr Y = (Y u - Y 22 ) cos 2/3 , (32) 

2 Tr (Y 2 ) - (Tr Yf = (Y n - Y 22 f . (33) 

Thus, we arrive at one possible invariant definition of cos 2 2f3: 

The sign of cos 2/3 is ambiguous, and the ambiguity corresponds to (3 — > it/2 — (3 (i.e., the 
interchange of the two Higgs fields). 



III. BASIS-INDEPENDENT DESCRIPTION OF DISCRETE SYMMETRIES 

In section HU we assumed that the scalar Higgs potential takes on the most general 
possible form. However, in some two-Higgs doublet models, discrete symmetries are imposed 
that constrain the structure of the Higgs potential. Typically, the discrete symmetries are 
formulated with respect to a particular basis, in which case the symmetry is manifest. In 
a generic basis, the discrete symmetry is of course still present, but in most cases it is well 
disguised and not immediately evident. Hence, for a given discrete symmetry, it is desirable 
to establish a basis-independent characterization. In particular, it is especially useful to 
establish basis-independent conditions that depend only on the Y and Z tensors, i.e. they 
do not require a determination of the vacuum expectation values via the scalar potential 
minimum conditions. A number of examples will be presented in sections IIII Bl and IIII CI 
in which we identify invariant conditions for discrete symmetries. These conditions can be 
evaluated in the Higgs basis, and provide a connection to related results first obtained in 
ref. Q. 

However, in some special regions of the Higgs potential parameter space many of the 
invariant conditions that we obtain are automatically satisfied (due to the enhanced sym- 
metry of the parameter region). This complicates the search for invariant conditions for 
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the discrete symmetries, so we first examine the nature of these exceptional regions of the 
parameter space. 



A. An exceptional region of the Higgs potential parameter space 



Consider the explicit forms of Z^ x > and Z^ defined in eq. ()13j) : 




Ai + A3 Ag + A7 

Ag + Ay A2 + A3 



(35) 



Note that and are hermitian matrices that commute so that they can be simulta- 
neously diagonalized by a unitary matrix. It therefore follows that there exists a basis in 
which Z^ 1 ' and Z^> are simultaneously diagonal; that is, A7 = — \. This observation will 
be crucial to many of the considerations of this section. 

The existence of a basis in which A7 = — \ provides another opportunity for checking 
the number of 2HDM independent parameters. Once this basis is achieved, one can always 
rephase one of the Higgs fields such that A6 and A7 are real. This leaves seven real param- 
eters (^i!, ^22! Ai 5 2,3,4,6) and two complex parameters {m\ 2 and A5) for a total of eleven 
independent parameters. 

The region of the Higgs potential parameter space where Ai = A2 and A7 = — A6 is 
especially noteworthy. In this case, Z^ 1 ' and Z^ are both proportional to the 2x2 unit 
matrix. This must be true for all basis choices. Hence if Ai = A2 and A7 = — A6 holds in one 
basis then it holds in all bases. A (basis-independent) invariant condition can be given for 
this case. Consider 



If this invariant quantity vanishes, then Ai = A2 and A7 = — X$. 

It is important to emphasize that the latter represents a region of Higgs parameter space. 
That is, in this region of the parameter space, any change of basis will generally modify 
the Higgs potential parameters, subject to the condition that Ai = A 2 and A 7 = — A 6 . Two 
results will prove useful in the following. First, if Ai = A2 and A7 = — A6, then one can 
always find a basis in which all the Aj are real. 6 Second, if Ai = A2 and A7 = — Xq, then 

6 A simple phase redefinition can render Xq and A7 real. The nontrivial part of the proof, which is given in 
ref. |25( , demonstrates that a basis always exists in which A5 , A6 and A7 are simultaneously real. 



2 Tr [Z m f - (Tr Z {1) ) 2 = (Ai - A 2 ) 2 + 4|A 6 + A 



(36) 
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there exists a basis in which A5 is real and A6 = A 7 = 0. The proof of the latter result is 
simple given the former result. First, transform to a basis in which all the A, are real. Then, 
make one further U(2) transformation given by eq. (jB2) with 9 = it /A and 7 + ( = n/2. It 
is easy to check that in the final basis, Xq = A7 = 0. Finally, since A5 is the only potentially 
complex parameter remaining, it can be rendered real with a phase redefinition of one of 
the two Higgs fields. 

If Yu = Y 22 and Y\ 2 = then Y is proportional to the 2x2 unit matrix. Again, 
one may conclude that if Yu = Y 22 and Y\ 2 = holds in one basis then it holds in all 
bases. Combining the two special cases just considered yields an exceptional region of the 
Higgs potential parameter space in which Y" n = Y 22 , Y 12 = 0, Ai = A 2 and A 7 = — A 6 . A 
possible discrete symmetry, which is respected by the scalar Lagrangian and characterizes 
this exceptional choice of parameters, is: 

$! e^<f>* 2 , $ 2 -> -e^$* , (37) 

where ip is an arbitrary phase. 7 It is straightforward to show that if eq. (}3T|) is a symmetry 
in one basis, then it is a symmetry in all bases. The results above also imply that within 
the exceptional region of parameter space, a basis exists in which Y a i oc 6 a i, Ai = A2, A5 is 
real and A 6 = A 7 = 0. 

Alternatively, the exceptional region can be characterized by two simultaneous ordinary 
Z 2 symmetries. In particular, consider a basis in which the scalar Lagrangian respects the 
two discrete symmetries: (i) $1 — > $1, $2 — > — ^2 [to be discussed further in section UlI Bj 
and (ii) $1 — > $2) ^2 ~~ > —$1. Symmetry (i) implies that Y 12 = and X e = X 7 = 0, while 
symmetry (ii) implies that Yu = Y22, Y* 2 = — Y12, A5 = A5, and A6 = — A 7 . If symmetries (i) 
and (ii) are simultaneously satisfied (in the same basis), then Y a i oc 5 a i, X\ = A 2 , A 5 is real 
and A6 = A 7 = 0, which indeed corresponds to the exceptional region of parameter space in 
a particular basis. 

7 Since eq. (|37|l involves the transformation of the scalar fields to their complex conjugates, it follow that 
this discrete symmetry incorporates a charge conjugation transformation. 
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B. The discrete symmetry $1 — > <J>i, $2 — ► — ^2 

We consider first the discrete symmetry $1 — > +$1, $2 —* —&2, which is realized for 
some choice of basis. This discrete symmetry implies that m\ 2 = Xq = A7 = 0. It is 
a discrete Z 2 subgroup of the Peccei-Quinn U(l) symmetry <3>! — > e 4Q $i, $ 2 — > e _m $2- 8 
The basis-independent conditions for the $1 — > +$1, $2 - ^ — $2 discrete symmetry can 
be expressed in terms of commutators of matrices constructed from the Higgs potential 
parameter tensors Y and Z. An alternate approach in terms of invariants constructed from 
Z and the eigenvectors of Y is discussed in Appendix [Bl along with the explicit eigenvector 
construction. 

Our strategy for deducing the relevant commutator conditions is as follows. We first 
transform to a basis where A7 = — A6 [this is always possible as discussed below eq. 
In this basis, we search for commutators that vanish when Y" 12 = Xq = 0. We then conclude 
that the vanishing of such commutators implies that some basis must exist where m\ 2 = 
Xe = A7 = 0. We shall make use of the following two matrices: 9 

7(H) _ 7(1) 7 _ _ — V 7 - - CQO\ 

cJ = ^ba, ^abcd i 1 c d = Y ba^abcd ■ { 6 ° ) 

Then, consider the following two commutators evaluated in a basis where A7 = — X§: 

( 



[z«,y] = (Ai-A a ) 



[Z« Z (u) ] = (X 1 -X 2 f 



Y 



12 



\ I 12 u 



V 



A 6 
-AS 



(39) 



(40) 



First we assume that Ai 7^ A2 in the A7 = — A6 basis. In this case, we find that 

[Z^,Y] = [Z^,Z^] =0 (41) 

is the basis independent condition that guarantees the existence of a basis in which m\ 2 = 
Xq = Xj = 0. As an example, in Appendix0 we demonstrate that if a 2HDM scalar potential 



8 If A5 = in the same basis where the discrete Z2 symmetry is realized, then the scalar Lagrangian respects 
the full Peccei-Quinn U(l) global symmetry Q. 

9 Diagrammatically, Z^ 11 ) corresponds to a bubble-on-a-bubble with two legs (i.e., a snowman) and Y^- 1 ' 
corresponds to a bubble on two legs with a cross at the top of the bubble. 
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respects a permutation symmetry $1 «-> $2 in some basis, then eq. (}4~T|) is satisfied. This 
result implies that in some other basis the discrete symmetry $1 — > $1, $2 — * —^2 must be 
manifest . 

If Ai = A 2 and A 7 = — A 6 , then Z ^ , Z g oc 5 a g, and eqs. (J3T?|) and (jjO]) automatically 
vanish. In this case, we are free to transform to a basis in which Y is diagonal. The following 
commutator is now relevant (for A7 = — A6 and = 0): 

/ 

[Y^\Y] = (Y n -Y 22 ) 2 







V A 6 



(42) 



Assuming that Yu ^ Y 2 %, we find that: 

[Y^\Y] = and Z^ oc 5 al (43) 



are basis independent conditions that guarantee the existence of a basis in which m\ 2 — 
A 6 = A 7 = 0. 

None of the above arguments apply to the exceptional region of parameter space [see 
section 1111 Aj where Y\\ = Y 22 , Y 12 — 0, Ai = A 2 and A 7 = — A 6 . In this case, all three 
commutators [eqs. (|39|) . f|4(J|) and (|42j) ] automatically vanish since all the matrices involved 
are proportional to the unit matrix. However, as noted at the end of section IIII A[ in 
the exceptional region, there exists a basis in which the Z2 discrete symmetry <£>i — ► $1, 
$2 — > —&2 is manifest. Thus, no further invariant conditions are required. 

Finally, in the basis where the discrete symmetry is manifest (mf 2 = A6 = A 7 = 0), 
eq. (|A7|) implies that Im(Ase 2 ^) = 0. One can always choose A5 real (and hence £ = 0) by 
redefining the phase of $ 2 - We conclude that the Higgs scalar potential of this model is 
CP- conserving. Further considerations of CP invariance will be given in section IIII CI 

We can generalize the results of this section in two ways. First, if there exists a basis in 
which Ag = A 7 = but mf 2 7^ 0, then the Z 2 discrete symmetry is softly broken I20I . 23]. A 
basis-independent characterization of the softly-broken Z 2 discrete symmetry is: 

[Z {1) , Z^} = and [Z« , Y] ^ , (44) 

assuming that Ai 7^ A2 in a basis where A 7 = — Ae- In the case of Ai = A2 and A 7 = — Ae, 
we proved in section IIII AI that one can always transform to a new basis in which A5 is real 
and Ag = A 7 = 0. One can then check that the Z 2 discrete symmetry is softly-broken if: 

[yWy]^0, and zVocSj. (45) 
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Second, if A5 = in a basis where m\ 2 = \ e = \ 7 = 0, then the Higgs potential 
respects a Peccei-Quinn global U(l) symmetry. That is, Hi and if 2 number are individually 
conserved. To find invariant conditions that must be satisfied when this symmetry is realized, 
it is convenient to work in the eigenbasis of Y. 10 We assume that its eigenvalues are non- 
degenerate so that they label Hi and H 2 . Z will conserve Hi number in this basis if every 
component of Z has equal number of incoming and outgoing Hi lines and H2 lines. In this 
case, Z with its incoming lines weighted by their Y eigenvalues will be equal to Z with its 
outgoing lines weighted by their Y eigenvalues. This difference corresponds to the following 
"commutator-like" fourth rank tensor: 

X a bcd = YaeYcjZebfd ~ ^eb^fd^aecf ■ (46) 

We can see that X^ c g = corresponds to the Peccei-Quinn symmetry as follows. Her- 
miticity properties of Y and Z imply that: 

Xabcd = -(Xbadc)* ■ (47) 

Suppose that Ai 7^ A2 in a basis where A7 = — A6- If [Z^, Y] = then Y i2 = 0. If Ai = A2 
and A7 = —Xq then one can transform to a new basis in which Y 12 = 0. In either case, with 
A7 = — A6 and Yi 2 = 0, we find 

X a bcd = (Yti — Y 22 )x a 5 c j, (48) 

where 

#1111 = , ^2222 — , 

^1122 = #2211 = , £1221 = ^2112 — , 

#1212 = ^2121 — -(Y n + Y 22 )A* 5 , 

^1112 = £l211 = YnA6 > 3^1121 = £2111 = —YiiXq , 

£2212 = £1222 = Y 22 A7 , £2221 = £2122 = — Y 22 A 7 . (49) 



10 If the eigenvalues of Y are degenerate, then one can work in in the eigenbasis of assuming that 

its eigenvalues are non-degenerate. In this case, the arguments above still apply with the obvious mod- 
ifications. These considerations are not applicable in the case where both Y and have degenerate 
eigenvalues, which corresponds to the exceptional region of the Higgs potential parameter space [as defined 
in section ITlI A| . 
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Thus, if Yii 7^ Y 2 2, then the additional conditions X a i c ^ = guarantee that a basis exists in 
which m\ 2 = A5 = A6 = A7 = 0. 

If Y a i oc S a i, then X^ c g = automatically, and we consider instead: 

X a bcd = Z a g Z c j Z e bfd — Z e5 Z aSc j . (50) 

The analysis is nearly identical as for X above with the replacements Yu — > Ai + A4 and 
Y 2 2 — > A 2 + A 4 . Assuming Ai 7^ A 2 in a basis where A 7 7^ — A 6 , the conditions X a g c j = 
guarantee that a basis exists in which m\ 2 = A5 = Xq = A7 = 0. Finally, at the exceptional 
point of parameter space where Yu = Y22, Y12 = 0, Ai = A 2 and A7 = — A6, we know it is 
possible to transform to a basis where A6 = A7 = 0. However, in general A5 7^ 0, and we 
have found no additional covariant condition that requires A5 = in the same basis. 

C. Explicit and spontaneous CP- violation 

The full power of the U(2)-invariants emerges when one studies CP- violating theories. 
Thus, the question naturally arises: what are the invariant conditions that determine 
whether the theory is CP-conserving or CP-violating. These conditions are the analogs 
of the Jarlskog invariant conditions for CP- violation 16] in the mixing of the quark gener- 
ations. We first consider conditions such that the Higgs potential explicitly conserves CP, 
independently of the value of the vacuum expectation value. In the generic basis, the Higgs 
potential preserves the CP symmetry if there exists a U(2) transformation such that the 
resulting transformed parameters of the Higgs scalar potential are real, i.e., Y a i = (Y a i)* 
and Z a i c a = (Z a i C( i)*. Using eqs. Q and (HJ), these conditions are equivalent to: Y a i = Y bdi 
and Z a i ca ; = Zbadc- However, it may be difficult in general to find the basis where all the 
Higgs potential parameters are real or prove that such a basis does not exist. An alternative 
strategy is to find U(2)-invariant quantities constructed from Y a i and Z^ c g that are complex 
in a CP-violating theory. In an explicitly CP-conserving theory, the existence of the real 
basis implies that any such invariant is real. Hence, the non-vanishing of the imaginary part 
of a potentially complex invariant would provide a test for explicit CP-violation. 

We anticipate two invariants — one involving only factors of Z tensors and one involving 
Y and Z. To see this, we first transform to a basis where A6 = — A7 [see section Till Aj . 
The relative phase between $1 and $2 can be chosen such that A6, A7 are both real. Thus, 



18 



(a) (b) 
FIG. 3: Diagrams corresponding to the potentially complex invariants of eq. (|51jl. 

assuming that Xq 7^ 0, there remain two independent phases: arg(m^ 2 ) and arg(As). We 
have discovered two potentially complex invariants: 

7 - -7^) 7@) 7 - 7 - _ 7 7 - -V - 7^) 7 

^abcd^bf n dh fajk^kjmn^nmhc j ^ abed 1 de^ eg n geba- \ OL ) 

Using the diagrammatic rules introduced in section |H] [see Fig. 1] , the invariants of eq. (J51|) 
are depicted in Fig. 3. Applying the CP transformation to the above diagrams changes the 
direction of the lines. Hence, an invariant can be complex if its diagram looks different when 
the arrows are reversed. This requirement is satisfied for the above diagrams. As a result, 
one can easily identify manifestly real invariants, but there is no guarantee that an invariant 
corresponding to a CP-asymmetric diagram is complex. 

Although we have succeeded in finding two potentially complex invariants, it does not 
necessarily follow that the Higgs potential is CP-invariant if the two invariants of eq. (|51|) are 
real. The necessary and sufficient conditions for an explicitly CP-invariant 2HDM potential 
(in terms of U(2)-invariants) have been obtained in ref. [25(, where it is shown that in the 
A7 = —Xq basis, both invariants of eq. (|51J1 vanish if either X 6 = or if Ai = A2. In each 



■ 3, 



the two new invariants 



of these two cases, one must seek out a new invariant. In ref. 
are found, and a proof is given showing that the reality of all four (potentially complex) 
invariants is both necessary and sufficient for an explicitly CP-conserving Higgs potential. 

If the Higgs potential is explicitly CP-conserving, it is still possible that the Higgs vac- 
uum does not respect the CP symmetry. This is the case of spontaneously broken CP 
invariance In particular, the four potentially complex invariants noted above are real, 
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and the so-called "real basis" exists in which all the Higgs potential parameters are real. 
In this basis the Higgs vacuum expectation value has a phase determined by the real Higgs 
potential parameters [see eq. (|A?p ]. The existence of this complex phase is not necessarily a 
signal for spontaneous CP-violation. One must prove that this phase cannot be removed by 
a further change of basis (subject to the condition that the Higgs potential parameters re- 
main real). Appendix provides an example (first discussed in ref. of a CP-conserving 
2HDM in which the complex phase of the vacuum expectation value appears in the "real 
basis." In ref. 25[, the explicit transformation between the two real bases that removes the 
complex phase is exhibited. 

Thus, it would be useful to find a set of invariant conditions to establish the existence 
or non-existence of spontaneous CP-violation. Having first proved that the Higgs potential 
explicitly conserves CP (using the invariant conditions of ref. one can P rove or ru le 

out the existence of spontaneous CP-violation by employing three invariants first obtained 
in ref. [3]. 11 We prove below that the Higgs sector 12 conserves CP if and only if I\, I2 and 
1% are real, where 

- \v 2 h = Tr (VYZ^) , (52) 
\v A I 2 = (VY) b - a (VY) dd Z alc3 , (53) 

ad^cb 



Wh = (VZ(%- a V d JWzVz ale3 + Y^zV] . (54) 



The factors of v 2 have been introduced in eqs. (p)2~|) - (f5*H) so that the Ii are dimensionless. 
Note that I\, I2 and I3 are invariants with respect to the full U(2) Higgs flavor symmetry. 

We may employ the scalar potential minimum conditions [eq. (jHJ)] to eliminate Y in the 
expressions for J 1( I 2 and I 3 : 



h ee (Z^V) ba V d5 Z al}C<I , (55) 

h = VabVdcVhgVrpZfeghZ c f pf Z e afd , (56) 

7j cd 1 /' ^ -I'"/ 



h ee (VZ(%- a V d z\z£ ) Z aleS -2ZVv f zZ al J . (57) 



11 We prefer to express the CP-invariants in terms of the Y ab -, Z a i c g and v a , following the work of ref. 
However, only two of the three invariants were explicitly given in this reference. 

12 In this context, the Higgs sector includes the Higgs Lagrangian and its coupling to the gauge bosons via 
the covariant derivative in the Higgs kinetic energy term. If the Higgs-fermion Yukawa interactions are 
also included, then additional CP-odd invariants based on invariants that involve both Higgs potential 
parameters and the Higgs-fermion Yukawa coupling matrices must be considered Q| . 
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The invariants above are most easily evaluated in the Higgs basis [eq. (|27ji]. Using eq. ()B10|) . 
we end up with: 



Im Ii 


= Im J 2 


= 


if 


z 6 


= 0, 


Im Ii 


= Im h 


= 


if 


z 7 


= -z 6 


Im I 2 


= Im J 3 


= 


if 


z 5 


= 0, 



Im h = Im[Z 6 Z 7 *] , Im I 2 = Im[Z 5 *Z 6 2 ] , Im I 3 = lm[Z* 5 (Z 6 + Z 7 ) 2 ] . (58) 

The necessary and sufficient conditions for a CP-invariant scalar Higgs potential and a 
CP-conserving Higgs vacuum are: Im ii = Im I 2 = Im J 3 = 0. In fact, there is at most two 
independent relative phases among Ji, I 2 and I3. However, there are cases where two of the 
three invariants are real and only one has an imaginary part: 13 

(59) 
(60) 
(61) 

which shows that one must check all three invariants before determining whether the Higgs 
sector is CP- invariant. 14 

If Ii, I 2 and I3 are real one can always perform a phase rotation H 2 — > e l ^H 2 such that the 
resulting Higgs basis couplings are all real for some choice of if). [Note that the Higgs basis 
squared mass parameter, Mf 2 is then automatically real by virtue of eq. (jA25|) .] The Higgs 
sector is then manifestly CP-conserving. Conversely, if the Higgs sector is CP-conserving, 
then some basis must exist in which the Higgs potential parameters and the Higgs field 
vacuum expectation values are simultaneously real. Thus, the invariant quantities Ji, I 2 
and ^3 must be real. 



IV. CP-INVARIANT 2HDM BOSONIC COUPLINGS IN TERMS OF INVARI- 
ANT PARAMETERS 

The phenomenology of the two-Higgs doublet model depends in detail on the various 
couplings of the Higgs bosons to gauge bosons, Higgs bosons and fermions [4j . We assume 
that the Higgs sector is CP-conserving, so we can work in a basis in which the vacuum 
expectation values are both real and non-negative, and all the parameters of the scalar 

13 If Z 7 = 0, then Im h = Im (I 2 - h) = 0. 

14 If Y a i = then h = I2 = 0. More generally, if Y a i oc 8 a i, then Y 3 = 0. Consequently, eq. (pHJl implies 
that Zq = 0, and -Z3 is the only potentially complex invariant. 
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potential are real. In this case, it is sufficient to consider SO (2) rotations among different 
basis choices; hence, there is no need to distinguish unbarred and barred indices, and we 
drop the bars in what follows. Moreover, within this set of "real" basis choices, the Higgs 
basis is unique. Thus, eq. (jBlOj) implies that the SO(2)-invariants, Y,i and coincide with 
the Higgs potential parameters in the Higgs basis (Mfj, M| 2 , M 2 2 and the A,, introduced in 
Appendix IXj). 

Since CP is conserved by assumption, there is no mixing between the CP-even Higgs 
bosons, h and H and the CP-odd Higgs boson, A. In an arbitrary real basis, we define the 
angle a such that 

h = -{V2 Re$? - + (v 7 ^ Re$ 2 -v 2 )c a , 

H= (V2 Re<$> 1 -v 1 )c a + (V2Re<$> 2 -v 2 )s a . (62) 
For a basis-independent description, we define the unit vector: 

..(;). 

Then, the two basis-independent quantities associated with the CP-even mass eigenstates 
are: 

n a v a = cos((3 - a) = cp- a , e ab n a v b = sin(/3 - a) = s P - a . (64) 

Thus, the angle (3 — a represents the direction of the CP-even Higgs mass eigenstates relative 
to the Higgs basis. That is, 

h = cp® sin(/3 — a) + cp® cos(/3 — a) , (65) 
H = <pl cos([3 -a) -(pi sin(/3 - a) , (66) 

where y?5 and (p® are defined in eq. IjAllj) . Henceforth, we will continue to use the notation 
S/3- a and C/3- a for the basis-independent quantities [eq. (jHljl] despite the fact that (3 and a 
are separately basis-dependent. 

In the Higgs basis, the CP-even squared mass matrix takes on a rather simple form: 

M 2 =f Al " 2 A6 " 2 ), (67) 
^ A 6 v 2 m\ + A 5 v 2 J 

where 

m 2 A = m 2 H± - l v 2 (A 5 - A 4 ) , (68) 
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and m 2 H ± is given by eq. (jA26|) . After diagonalization of A4 2 , one determines the CP-even 
Higgs squared-masses: 



H,h 



m\ + v 2 (A 1 + Ab) ± V / K + (A 5 -A 1 )t; 2 ] 2 + 4A|t; 4 



and the angle (3 — a can be determined from the following results: 

2A & v 2 



tan [2(/3 -a)) 
sin [2(0 - a)] 



m\ + (Ag - A x )v 2 
-2A 6 v 2 



m 2 H -m 2 



(69) 

(70) 
(71) 



From these expressions one can derive numerous relations among the squared-masses, in- 
variant coupling parameters Ai, A 5 and A 6 , and (3 — a j^, Q|- 

The Higgs couplings to gauge bosons follow from gauge invariance. The properties of the 
three-point and four-point Higgs boson-vector boson couplings are conveniently summarized 
by listing the couplings that are proportional to either sin(/3 — a) or cos(/5 — a), and the 
couplings that are independent of (3 — a "\: 



angle- independent 



cos(/3 — a) 


sin(/3 — at) 


HW + W~ 


hW+W~ 


HZZ 


hZZ 


ZAh 


ZAH 


W ± H^h 


W ± H^H 


ZW ± H^h 


ZW ± H^H 


1 W ± E^h 


1 W ± H^H 



(72) 



where 



ZH + H~ , -fH+H' 
W ± H^A 
ZW ± H^A 
1 W ± E^A 

VV<jxf) , VVAA , VVH+H- 

h or H and VV = W + W~ , ZZ, Zj or 77. Indeed, the Higgs boson- vector boson 
couplings are basis- independent. 

The three-point and four-point Higgs self-couplings are more complicated. Nevertheless, 
it is clear that one can express these couplings in terms of sg_ a , c^_ a and the invariant 
coupling parameters, Aj. The simplest way to obtain the Higgs self-couplings is to work in 
the Higgs basis, using eqs. (|A11|) . (J55J) and (jHSJ- For example, 

9hhh = -M A i s p-a + A M5Sp- a c 2 p_ a + 3A 6 c^ a s 2 p _ a + A 7 c|_ a ] , (73) 
9hhhh = -3[AisJ_ a + A 2 cJ_ a + 2A U5 cl_ a sl_ a + 4A 6 c /3 _ a s|_ Q + 4A 74-a s /3-<J , (74) 
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where A 345 = A 3 + A 4 + A 5 . A complete list of the trilinear and quartic Higgs couplings in 
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terms of the invariant coupling parameters and (3 — a can be found in ref. 

One can generalize the analysis of this section by relaxing the requirement that the Higgs 
vacuum expectation values are positive. That is, we consider the set of all basis choices 
related by 0(2) rotations. In this case, two possible Higgs bases exist, since one may 
perform the transformation H\ — > Hi, H2 — > —Hi. Under this transformation, M\ 2 , Aq, A7 
and (3 — a all change sign (whereas all other Higgs potential parameters are left unchanged). 
This is not surprising since all the S0(2)-invariants that change sign involve an odd number 
of e a b symbols in their definitions. We shall use the term pseudo-invariant to refer to an 
S0(2)-invariant that changes sign under an 0(2) transformation with determinant equal to 
— 1. In addition, we note that eqs. and (jA10|) imply that the physical Higgs fields are 
related to the Higgs basis fields by: 

h = (V2 Re Hi - v) Sf3_ a + V2 Re # 2 ° c p _ a , 

H = (V2 Re Hi - v) c P - a - V^Re H% sp. a , (75) 

H± = Ht and A = ^2 Im H%. Thus, under H x -> H x , H 2 -> -H 2 , the fields h, H± and A 
change sign and H is unchanged. One can now check that eqs. (JU%j) - (j74|) are indeed invariant 
with respect to 0(2) transformations, so that physical results do not depend on the choice 
of basis. 

V. YUKAWA COUPLINGS OF THE 2HDM IN TERMS OF INVARIANT PA- 
RAMETERS 

The Higgs couplings to fermions are model dependent. The most general structure for 



1 31 ] . is given in 



the Higgs-fermion Yukawa couplings, often referred to as the type-Ill model 
the generic basis by: 

-C Y = T&S^Vl + Tf L *xrgW R + <&$2V?°U R + Q> 2 #°D° + h.c. , (76) 

where <3>i j2 are the Higgs doublets, $j = icr 2 $*, Q° L is the weak isospin quark doublet, and 
U R , D° R are weak isospin quark singlets. [The right and left-handed fermion fields are defined 



15 To make contact with the notation of ref. |2J], we define: A = Ai, Ay = A2, At = A3 + A4 — A5, 
\ F = A 5 - A 4 , \a = Ai — Ag, A = — Ag and \u = — A7. 
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as usual: 4>r,l = Pr,l^, where Pr,l = |(1 ±75)-] Here, [7^, -D^ denote the interaction 
basis states, which are vectors in the quark flavor space, and r\l '°, r/^'°, ^f' , z/^' are matrices 
in quark flavor space. Clearly, these four matrices are basis-dependent quantities. We have 
omitted the leptonic couplings in eq. (f7fi|) : these follow the same pattern as the down- type 
quark couplings. 



In some models, not all the terms in eq. (|75j) are present at tree- level 



0. 



In a type-I 



model, there exist a basis where r^ , ° = rj®' = 0. 16 In a type-II model, 77^'° = rj^ = 0. 
The vanishing of certain Higgs-fermion couplings at tree-level can be enforced by a discrete 
symmetry. For example, if Lagrangian is invariant under $1 — > +$1, $2 —> — $2 in some 
basis, then by demanding additional discrete symmetries of a similar type for the quark 
fields, one can preserve either the type-I or type-II Higgs-fermion couplings (depending on 
the precise choice of discrete symmetries) while eliminating the other possible terms in 
eq. (|76|). Another well-known example is the MSSM Higgs sector, which exhibits a type-II 
Higgs-fermion coupling pattern that is enforced by supersymmetry. 

For type-I and type-II Higgs-fermion couplings, there is a natural basis choice that is 
imposed, either by the discrete symmetry or supersymmetry. In this case, tan/? becomes 
a meaningful parameter. However, in the more general type-Ill model, there is no distin- 
guished basis, and once again tan (3 is meaningless. To demonstrate this fact more explicitly, 
we now proceed to write out the type-Ill Higgs-quark interactions in a basis independent 
manner. Our strategy is to rewrite the Higgs-fermion interaction [eq. 1)76)1 ] in the Higgs 
basis and identify the quark masses. As in section IIV) we assume that the Higgs potential 
is CP-conserving so that we can work in a class of bases related by SO (2) transformations. 
Thus, the basis-independent quantities considered in this section are invariant with respect 
to SO(2). 17 However, we shall allow the Higgs-fermion couplings to be complex (and hence 



16 A type-I model can also be denned as a model in which t^' = r^'° = in some basis. Clearly, the two 
definitions are equivalent, since the difference in the two conditions is simply an interchange of <t>i and 
$2 which can be viewed as a change of basis. 

17 As noted at the end of section IWI one can extend the class of basis transformations to 0(2). In this case, 
one should distinguish between true 0(2)-invariants and pseudo- invariants that change sign under an 0(2) 
transformation with determinant — 1. In particular, (3— a and [eq. I|84|l ] are pseudo-invariants. However 
as previously noted, the physical Higgs fields H^, A and h all change sign under the transformation 
Hi — > Hi, H 2 — » — H 2 of Higgs basis fields. Therefore, the physical Higgs-fermion couplings given in 
eq. (|87(l are invariant with respect to the full 0(2) group of basis transformations. 
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CP- violating). Using eq. (jA10|) . 

- Cy = J&H&WVl + QlH^Dl + <f L H 2 p u >°Ul + &H 2 p D > D° R + h.c. , (77) 
where if; = ia 2 H* and 



K 



= Vl Cf3 + T)%' Sp , (78) 



= - V ?% + rg% , (79) 

for Q = U or D. It is easy to see that k9 ,q and p®'° are basis-independent quantities. First, 
we introduce the vector (in Higgs flavor space) of matrix quantities: 77^'° = (^? ,0 ,^'°)- 
Then, eqs. (J7%|) and (fT9|) are equivalent to: 

K Qfl = d . v Q,o ; p Qfl = $ . v Q,o ; (g0) 

where the dot products have the usual meaning: v ■ r/^' = v a r]^'° and w ■ rj®' = e a f,?? a 77^' . 
Clearly, and p®'° are S0(2)-invariant quantities. 

The fermion mass eigenstates are related to the interaction eigenstates by biunitary trans- 
formations: 

P L U = V^P L U° , P R U = V^P R U° , 

P L D = V°P L D° , P R D = V°P R D° , (81) 

and the Cabibbo-Kobayashi-Maskawa matrix is defined as K = V^V^. It is also convenient 
to define "rotated" coupling matrices: 

rff - VM>°V^ , n° = VE^V^ , p u = VEP U '°VS' , (82) 
V? - WX f , -° - V?k?>°V? , P D = V L D P D '°V^ . (83) 

Note that k9 and p® (Q = U, D) are also invariants, since if we define 77^ = (77^ ,772 ), then 

k q = v ■ rp , p Q = w-7] Q . (84) 

The quark mass terms are identified by replacing the scalar fields with their vacuum 
expectation values. The unitary matrices , V®, V R and V R are then chosen so that k d 
and k u are diagonal with real non-negative entries. The resulting quark mass matrices are 
then diagonal: 

M D = ^=k d , Mjj = ^=k u . (85) 
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In this analysis, we have assumed that the Higgs potential is CP- conserving, in which 
case we may take v = (cos/?, sin/?). By construction, the k9 are real diagonal matrices. 
Eq. (|84|) then implies that 

1m rjf = — tan j3 Im 7/2 , (86) 

and Im p® = Im rj® / cos (3. Similarly, is typically non-diagonal. Thus, in the most general 
case, p D and p u are independent complex non-diagonal matrices. 

Finally, from eq. (J77J), we obtain the Higgs-quark couplings after making use of eqs. (|A11|) . 
f!B3|) and (JBTIj) . The end result is: 



-C 



Y 



V 



V 



M D s P - a + -^{p D P R + p D] P L )c P - a 



Dh + -DM Dlb DG G 



+ l -D 

V 
V 
V 



M D c p . a - ^(P D ^ + p D] PL)sp- a 



M uC0 . 



V2 



Kp D P R - p u] KP L DH + + — U [KM D P R - MuKP L ] DG + + h.c. \ .(87) 



{p u P R + p u] P L )sp 
V2^ 



DH + ^D(P D P R - P° ] Pl)DA 

Uh - -UM Dlr UG° 

v 



UH - -^=U(p u P R - p u] P L )UA 



Once again, we observe that the Higgs interactions are determined by basis-independent 
quantities (in this case, the quark masses, p u , p D and (3 — a). Thus, eq. (J%7|) exhibits both 
flavor- changing Higgs-mediated neutral currents and CP-violating Higgs-fermion couplings 
(even though we assumed a CP-conserving Higgs potential, or equivalently the absence of 
tree- level mixing between the CP-odd A and the CP-even h and H). 18 

For simplicity, we now focus on the case of one quark/lepton generation. Then, the 
Higgs-quark interaction produces the following Feynman rules of the form —ig<t>f 1 f 2 ' 



9hqq = -^S/3- a + ^(S q + ij S Pq)Cp- 
Tfl 

9Hqq = —C/3-a ~ J^{S q + i^P q )s . 



(88) 
(89) 



18 In principle, this requires a fine-tuning of tree-level parameters. If Im ^ 0, then one-loop effects will 
generate infinite corrections to CP-violating parameters of the Higgs potential (which are eliminated by 
renormalization of the Higgs potential parameters). The more general treatment in the case of a tree-level 
CP-violating Higgs potential will be addressed in a separate publication. 
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9Auu = -^(iS u "/ 5 - P u ) , (90) 

9am = -^{iSdlh- Pa) , (91) 

9H+du = |[P D (1 + 7s) - P U *(1 ~ 7s)] , (92) 

where 

S q = Re p Q , P q = Im p Q , (93) 

and —ign+du corresponds to the rule in which d, u and H + are pointed into the vertex. As 
noted above, if Im ^ 0, then the Higgs-fermion couplings are CP-violating. 

The results of eqs. (|H7j) and (JHSj) apply to the most general type-Ill 2HDM. To study 
the Higgs-fermion interactions in type-I and type-II models, it is useful to have a basis- 
independent characterization of these two special patterns of Higgs couplings., This is for- 
mulated as follows: 19 

\V U \ 2 \V D \ 2 ~ \V U -V D \ 2 = 0, type-I, (94) 
rf -rf = 0, type-II. (95) 

To verify eqs. (PMj) and (|93j). simply note that these equations corresponds to the definitions 
of the type-I and type-II Higgs-fermion couplings in the special basis (i.e., for the particular 
value of (3) in which two of the four Higgs-quark couplings of eq. (ff6|) vanish. Since eqs. (j9l|) 
and (f9*K)l are basis-independent conditions, they must be true if they are satisfied in one 
particular basis. Moreover, in both type-I and type-II models, the are real. This is most 
easily proven in the special basis by using eq. (jHUj) to show that the /p must be real. 

jy applying an appropriate 



The type-I and type-II model conditions can be enforced 



11 



12l | . Consequently, tan/3 is 



discrete symmetry that distinguishes between $x and $2 jlO . 
promoted to a physical parameter, and thus can be expressed in terms of invariant quantities. 
For example, in a type-II model, (3 corresponds to the basis in which rf — t$ — 0. Using 
eq. (JBH), one obtains two different equations for tan/3: 

tan/3=^ = -. (96) 



19 Note that the type-I condition can be written as \r/ u x r/ D \ 2 — 0, where x corresponds to the cross- 
product. Since the Higgs flavor space is only two-dimensional, only one component of the cross-product 
exists. Nevertheless, it is tempting to write the type-I condition as r/ u x rj D = 0. 
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For these two definitions to be consistent, the following equation must be satisfied: 

K U K D + p u p D = 0. (97) 

But, eq. (l9*7j) is equivalent to the type-II condition, rf ■ r] D = 0, noted above. Moreover, 

using eqs. (|8*5|) and (|9l)|). it follows that: 

d V^m d u V2m u 
p = tanp, P — cot p. (98) 

v v 

Inserting this result into eq. (|8*7J) [or eq. (jEHJ)] yields the well-known Feynman rules for 
the type-II Higgs-quark interactions. In deriving these results, the following trigonometric 
identities are particularly useful: 

sin ol cos a 

n = S P-a ~ tan (3 C/3- a , -—5 - = Sp-a + COt (3 Cp- a , (99) 

cos (3 sinp 

COS Ol sin 

= C/3_ a + tan (3 sp^ , -— = - cot /3 S£_ a . (100) 

cosp smp 

A similar analysis can be given for models of type-I. 

The analysis above makes clear that tan (3 is a physical parameter in models of type-I 

and type-II, but is not meaningful in models of type-Ill. Nevertheless, it does suggest a 

strategy in the type-Ill CP-conserving case. 20 Namely, one can introduce three tan /3-like 

parameters: 

tan/3 d =— g-, tan/? M = — , (101) 

K p 

and a third parameter tan (3 e = —p E / n E corresponding to the Higgs-lepton interaction. The 
meaning of these tan /3-like parameters is clear. For example, consider the case of up-type 
quark couplings to Higgs bosons of a type-Ill model. In the Higgs basis, both Q^Hi^^U^ 
and Q° L H 2 p u ' Uj i interaction terms are allowed. But, clearly there exists some basis (i.e., 
some rotation by angle (3 U from the Higgs basis) for which only one of the two up-type quark 
Yukawa couplings is non- vanishing. This defines the physical angle (3 U , which is given in 
eq. ()101|) . 21 The angles @ u , [3d and (3 e are physical parameters of the model, and in the 



20 The pQ are complex if CP-violating Higgs- fermion couplings are present, in which case the tan /3-like 
parameters of eq. I|1U1|) would be complex. We shall treat the more general CP-violating case elsewhere. 

21 Actually, there is a two-fold ambiguity in the definition of tan (3 corresponding to whether one identifies 
the Higgs boson that does not couple to the up-type quark as <t>i or <t>2. The definition given in eq. (|101|l 
corresponds to the former case. In the latter case, one would define tan/3„ = —p u /n u . Said another way, 
suppose there exists some basis, corresponding to a rotation by an angle (3 U from the Higgs basis, for 
which one of the two up-type quark Yukawa couplings vanishes. Then a rotation from the Higgs basis by 
fiu — tt/ 2 will likewise yield one vanishing up- type quark Yukawa coupling. 
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general type-Ill model there would be no reason for these parameters to be equal in value. 
However, in a type-II model, one would indeed find that tan (3 U = tan (3d = tan (3 e = tan (3. 
In some cases, the Higgs sector is close to type-II. For example, the MSSM Higgs sector 
exhibits type-II couplings at tree-level, but all possible Higgs-fermion couplings appear at 
one-loop due to supersymmetry-breaking effects. In this case, the Higgs-fermion coupling 
is close to type-II, with differences among the three tan /3-like parameters introduced above 
generated by supersymmetry-breaking effects in loops corrections. 

We can illustrate the last point in a very simple model approximation. In the MSSM 
at large tan/3 (and supersymmetric masses significantly larger than mz), the effective La- 
grangian that describes the coupling of the Higgs bosons to the third generation quarks is 
given by: 

- C cS = hiqMbn + h t (q L $ 2 )t R + Ah b {q L ^ 2 )b R + h.c. , (102) 

where q L = (ul, d L ). The term proportional to Ah b is generated at one-loop due to 
supersymmetry-breaking effects. 22 The tree-level relation between m b and h b is modified (27 1: 

m b = ^ cos/?(l + At), (103) 
V2 

where At, = (Ahb/hb) tan (3. That is, At, is tan /3-enhanced, and governs the leading one-loop 
correction to the physical Higgs couplings to third generation quarks. In typical models at 
large tan (3, Af, can be of order 0.1 or larger and of either sign. 23 

In the approximation scheme above, eq. (fMj) yields n u ~ h t sin f3, p u ~ h t cos j3, and 

k d ~ h b cos(3(l + A 6 ), (104) 
p D ~ -h b sin p(l- -^^j - ~h sin (3 . (105) 

tan (3 

taxi (3d — t— , tan (3 U ~ tan (3 . (106) 

1 + A& 



It follows that: 



Thus, supersymmetry-breaking loop-effects can yield observable differences between tan (3- 
like parameters that are defined in terms of basis-independent quantities. 



22 One-loop corrections to /if, and h t and an effective (supersymmetry-breaking) operator Ah t qL&itR yield 
subdominant effects at large tan (3 and will therefore be neglected here. 

23 Explicit expressions for Aj, in terms qf_ supersymmetric masses and parameters, and references to the 
original literature can be found in ref. 



30 



Finally, we briefly consider the multi-generation model. The type-Ill Higgs-quark inter- 
actions have already been given in eq. ([87)1 . Consider a type-II Higgs-quark interaction, 
defined by the matrix equations Vi = V2 = 0- From eq. (|84j) . it follows that the following 
two matrix equations must be satisfied: 

Itan(3 = -p D {K D )- 1 = k u ( P u )-\ (107) 

where J is the identity matrix in quark flavor space. Again, we note that these equations 
are consistent because rf ■ r] D = 0. Thus, using eq. (fHH|) . 

— /2 /2 
p D = — — — Mjj tan 3, p u = —M v tan 3 , (108) 

v v 

where and Mjj are the diagonal quark mass matrices (implying that p D and p u are 
also diagonal real matrices). We again conclude that tan/3 is a meaningful parameter. 
The analysis for type-I models proceeds in a similar manner. However, the construction of 
tan /3-like parameters in the general type-Ill model is far more complicated. In particular, 
although the kP are diagonal, the p® are complex non-diagonal matrices in the general 
case. Thus, it does not seem very useful to define tan /3-like parameters by considering the 
non-diagonal matrices ^(p 17 ) -1 and —p D (n D )~ l . Fortunately, in most models, the third- 
generation Yukawa couplings dominate, and one may define tan /3-like parameters based 
solely on the consideration of third-generation fermion couplings. 



VI. SUMMARY 



The scalar Lagrangian of the two-Higgs-doublet model (2HDM) retains the same func- 
tional form under 2x2 unitary transformations among the two Higgs doublets. It is useful 
to understand the effect of these (unphysical) transformations on the Higgs potential param- 
eters that govern the theory. These U(2) transformations can be thought of as generalized 
rotations among different bases of Higgs fields. The choice of basis is of course arbitrary. 

In practice, one often chooses a basis in terms of vectors that arise naturally in the theory. 
For example, in the Higgs basis, the vacuum expectation value v a of the neutral Higgs fields 
points along the direction (in Higgs flavor space) of one of the two Higgs doublets. If one 
defines V a i = v a v£, then the Higgs basis corresponds to the orthonormal eigenvalues of 
V a i- In a CP-conserving theory, the CP-even Higgs squared-mass matrix is a 2 x 2 matrix 
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whose orthonormal eigenvalues can be used to define the physical mass basis. The matrix 
of squared-masses, Y a i, which appears in the Higgs Lagrangian, can also be used to define a 
basis in which the off-diagonal term Y" 12 = 0. When fermions are coupled to the Higgs sector, 
discrete symmetries are often imposed in order to guarantee the absence of flavor-changing 
neutral currents. These discrete symmetries are defined in a particular basis, which can be 
related to the structure of the Higgs-fermion interactions. 

Although certain choices of basis may be physically motivated, any underlying assumption 
(e.g., the existence of a discrete symmetry, CP-invar iance, etc.) must be experimentally 
tested. Thus, it is especially useful to analyze Higgs physics of the 2HDM independently 
of the choice of basis. Starting from an arbitrary (generic) basis, one can define invariant 
quantities — combinations of the Higgs potential parameters that are scalars with respect to 
U(2) transformations in the flavor space of the two Higgs doublets. Invariant descriptions of 
discrete symmetries and CP-symmetry can be used in principle to test for these symmetries. 
In addition, any physical Higgs sector observable (masses and couplings) can be expressed in 
terms of the U(2)-invariants. In this paper, the relation of these observables to invariants has 
been obtained under the assumption that the Higgs scalar potential is CP-invariant. In this 
latter case, it is sufficient to consider restricted 0(2)-invariant quantities. In a subsequent 
publication, we will generalize the analysis given in sections IIVI and IS in order to treat the 
Higgs couplings in a model with a CP-violating 2HDM scalar potential. 

In the most general 2HDM, the ratio of the two vacuum expectation values, tan/3, is 
an unphysical basis-dependent quantity. Typically, tan (3 acquires meaning when the Higgs- 
fermion interaction is formulated, since discrete symmetries or supersymmetry must be 
imposed in order to avoid flavor changing neutral currents in conflict with experiment. Nev- 
ertheless, these symmetries are typically broken symmetries, so within the effective theory 
of Higgs interactions, tan (3 again loses its meaning. In this paper, we have advocated re- 
placing tan/3 with parameters that are more directly physical — invariant combinations of 
Higgs-fermion Yukawa couplings. Once again, by focusing on U(2)-invariant quantities, one 
is led to a powerful and flexible formalism that is ideally suited for general phenomenological 
and theoretical studies of the two-Higgs-doublet model. 

Note Added 

After this work was completed, a paper of G.C. Branco, M.N. Rebelo and J.I. Silva- 
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Marcos 28] appeared that emphasizes the techniques of invariants and addresses some of 
the issues considered in this paper. 
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APPENDIX A: BASIS CHOICES FOR THE TWO-HIGGS DOUBLET MODEL 



In this appendix, we review the most general two-Higgs-doublet extension of the Standard 
Model 

Let $1 and $2 denote two complex Y = 1, SU(2) L doublet scalar fields. 
The most general gauge invariant scalar potential is given by 

V = m 2 n <&\$i + m\ 2 <&\§2 - [mi 2 $|$2 + h.c] 

+ ±A 1 ($ t 1 $ 1 ) 2 + §A 2 ($ 2 $ 2 ) 2 + A 3 ($ t 1 $i)($ t 2 $ 2 ) + A 4 ($ t 1 $ 2 )($^i) 

+ {|A 5 ($ t 1 $ 2 ) 2 + [A 6 ($J$i) + A 7 ($ 2 $ 2 )]$i$ 2 + h.c.} , (Al) 

where m^, m| 2 , and Ai,---,A4 are real parameters. In general, m 2 2 , A5, A6 and A7 are 
complex. The scalar fields will develop non-zero vacuum expectation values if the mass 
matrix mf,- has at least one negative eigenvalue. We assume that the parameters of the 
scalar potential are chosen such that the minimum of the scalar potential respects the 
U(1) EM gauge symmetry [29|| . Then, the scalar field vacuum expectations values are of the 
form 24 








\v 2 e 



(A2) 



24 In writing eq. I|A2|I . we have used a global S\J(2)w rotation to put the non-zero vacuum expectation values 
in the lower component of the doublet, and a global hypercharge U(l) rotation to eliminate the phase 
of V\. 
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where v± and v 2 are real and non-negative, < £ < 2tt and 



w 2 2 2 = 4m| : = (246 GeV)2 _ 



(A3) 



The corresponding potential minimum conditions are: 



m 



11 



m 



rn 



22 



I2 e* H ~ b 2 [ A i4 + ( A 3 + A 4 + A 5 e 2 ^ 2 + (2A 6 e^ + A*e- 4 «) S/3C/3 + A 7 sJt /9 e«](A4) 
A 2 sJ + (A 3 + A 4 + A*e- 2 *)4 + A^V* 



+ (A 7 e* + 2A* 7 e- i %c /3 



where 



S/3 = sin j3 = — , Cg = cos /3 = — , and = tan f3 = 



(A5) 



(A6) 



and < /? < 7r/2 (since by assumption, v%, v% > 0). Since m\ x and m| 2 are both real, the 
imaginary part of either eq. (jA4j) or eq. (jA5|) yields one independent equation: 

Im(m 2 2 e^) = \v 2 [im^e^s^ + Im(A 6 e*)cJ + Im(A 7 e^)4j . (A7) 



Eq. ()A7|) can be used to determine £. 

Of the original eight scalar degrees of freedom, three Goldstone bosons (G^ and G°) are 
absorbed ("eaten") by the W ± and Z. These states are easily identified: 



G ± = cos/3$f + e _l * sin/?$f, 

G° = V2 \cos(3lm $° + sin/3im (e" i? ^ 



(A8) 
(A9) 



In writing all the expressions above, we have implicitly chosen a basis in the space of 
$i-$ 2 . We shall refer to this basis choice as the generic basis. One particular basis choice is 
especially useful. This is the so-called Higgs basis of ref. [3] (whose significance was also em- 
phasized in refs. jj], 3, 22, 2^) in which only the neutral component of one of the two Higgs 
doublets (e.g., $5) possesses a vacuum expectation value. This requirement is not sufficient 
to uniquely define the Higgs basis. In particular, there is a set of U(l)yxU(l) transforma- 
tions on the scalar field that preserves the conditions: l($i )| = and ($ 2 °) = 0> where 
the <3>'j are the scalar fields in the basis where f3 = [6J. U(l)y is the global hypercharge 
transformation, and is a symmetry of the Lagrangian, unlike the SU(2) transformations in 
Higgs flavor space which transform the parameters of the Higgs potential. The second U(l) 
is the diagonal subgroup of the SU(2) in Higgs flavor space, corresponding to $' x — > e tx ^[ 
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and $2 — > e - **^. Thus, there is a family of Higgs bases, parameterized by x- 25 Let us 
denote the two Higgs doublets in the Higgs basis by Hi and H 2 . Then, the relation between 
these scalar doublet fields and the scalar fields in the original basis is given by: 

e~ ix H x = $! cos (3 + $ 2 sin (3 , 

e ix H 2 = -e^$isin/3 + $ 2 cos/3. (A10) 

One then obtains 

/ 



e~ ix H x 




e^H 2 = 1 , (All) 



G+ 

\^(v + ^ + iG°) 

where <p®, (p 2 are CP-even neutral Higgs fields, A is a CP-odd neutral Higgs field, and H + 
is the physical charged Higgs boson. If the Higgs sector is CP-violating, then (p®, (p 2 , and A 
all mix to produce three physical neutral Higgs states of indefinite CP. If CP is conserved, 
then A is the physical CP-odd Higgs scalar and ip>\ and <p 2 mix to produce two physical 
neutral CP-even Higgs states h and H. We examine the CP-conserving case in more detail 
in section HVI 

In the Higgs basis, the corresponding values of Ai,---,A7 can be easily computed by 
re-expressing $! and $2 in terms of H x and H 2 [eq. (|A10|) ] and inserting the result into 
eq. (jAl|) . The end result is: 

V = M\ X H\H X + Ml 2 H ] 2 H 2 - [M 2 2 H\H 2 + h.c] 

+ \X 1 {H\H 1 f + \k 2 (H\H 2 y + A 3 (HiHi)(H 2 H 2 ) + A 4 (i? 1 t i? 2 )(i? 2 t ^i) 

+ {iK^HlH^ 2 + [A 6 {H\H x ) + K 7 {HlH 2 )]H\H 2 + h.c.} , (Al2) 

where 

M\ x = m^cl + m\ 2 s 2 - Re{m\ 2 e^)s 2p , (A13) 
M| 2 = m 2 u sl + ml 2 cl + Re(m 2 X2 e^)s 2p , (A14) 
M 2 2 e i{i ~ 2x) = l(ml x -m 2 22 )s 2 p + Re(m 2 12 e^)c 20 + ilm(m 2 X2 e^) . (Al5) 



25 The range of x can be taken to be < x < 7r, since the transformation \ ~ *• X + can be compensated 
by a U(l)y rotation. 
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and 



Ai 
A 2 
A 3 
A 4 

A 5e 2 l (?-2 X ) 



A 6 e^- 2 *> 



where 



X ± 4 + A 2 sJ + §A 345 s 2/3 + 2s 2/3 [cgRe(A 6 e*) + sjRe(A 7 e«) 
Ai4 + A 2 cJ + ^34552/3 - 2s 2/3 [4Re(A 6 e i? ) + cjRe(A 7 e i? ) 
I s 2/3 [^1 + A 2 - 2A 345 ] + A 3 - s 2/3 c 2/3 Re[(A 6 - A 7 )e J? ] , 
I s 2/3 [^l + A 2 - 2A345] + A 4 - s 2/3 c 2/3 Re[(A 6 - A 7 )e J? ] , 
\s% [Ai + A 2 - 2A345] + Re(A 5 e 2i «) + 2c 2/ Jm(A 5 e 2i «) 
-s 2/3 c 2/3 Re[(A 6 - A 7 )e i? ] - is 2/3 im[(A 6 - A 7 )e*)] , 

A a c| - A 2 s| - A 3 4 5 c 2/ 3 - Tm(A 5 e 2 ^) 
+cpc 3 pRe(\ 6 e i(i ) + Sf3 s 3(3 Re(X 7 e^) + idjfimfae*) + is|MA 7 e^) , (A21) 
AisJ - A 2 cJ + A 3 4 5 c 2/ 3 + Tm(A 5 e 2 ^) 



(A16) 
(A17) 
(A18) 
(A19) 

(A20) 



+s /3 s 3 pRe(X e e l Z) + C/3 c 3/3 Re(A 7 e^) + is 2 Im(A 6 e l «) + ic 2 lm(X 7 e^) , (A22) 



(A23) 



A 34 5 = A 3 + A 4 + Re(A 5 e 

The inversion of eqs. (jA13j) - (jA15|) and eqs. ()A16|) - ()A22|) is simply obtained by making the 
replacements M 2 - <-> m 2 -, Aj <->• Ai, /3 <-» — /3 and £ <-» £ — 2%. Note that the Higgs basis 
corresponds to the choice ft = 0, independently of the value of £. The effect of non-uniqueness 
of the Higgs basis, which is parameterized by Xi is a ^ so easily discerned. Starting from the 
Higgs basis with x = 0, one can transform to the Higgs basis with arbitrary x by the phase 
redefinitions 



Hi -> e ix H x and # 2 



-'X 



Ho. 



(A24) 



As a result of this transformation, the complex parameters of the scalar potential in the Higgs 
basis are transformed by a phase rotation: M 2 2 , A 6 , A 7 — > e 2 * x [M 2 2 , A 6 , A 7 ], and A 5 — > e 4lx A 5 . 
Finally, the scalar potential minimum conditions in Higgs basis are independent of X'- 



M 2 12 



|A 6 ^ 2 . 



(A25) 



Note that the equation for M 2 2 is a complex equation that holds both for the real and 
imaginary parts. The value of M| 2 is not constrained by the scalar potential minimum 
conditions. One can show that M| 2 is directly related to the physical charged Higgs boson 
squared-mass: 



rriU = M A 22 + Wk 3 



(A26) 
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where H ± = —e lS - sin /3&f + cos (3 $f is the state orthogonal to the charged Goldstone boson 
[eq. (|A8j) ]. The requirement that m 2 H ± > places a constraint on M| 2 and A3 since we have 
assumed that electromagnetism is not spontaneously broken. 

We can now count the number of independent parameters that govern the most general 
2HDM. After imposing the scalar potential minimum conditions in the Higgs basis, there are 
twelve parameters: M\ x (which determines the value of v — 246 GeV [see eq. (|A25|) ]). M| 2 , 
four real couplings A 1; . . . , A 4 and three complex couplings A 5 , A 6 and A 7 . However, the 
non-uniqueness of the Higgs basis implies that only the relative phases of the these complex 
parameters are physical. That is, of the twelve independent parameters that characterize 
the Higgs basis, one degree of freedom can be removed by the phase redefinitions given by 
eq. (jA24|) . leaving only eleven physical degrees of freedom (2^. 

To see that this result is consistent with the parameter counting in the generic basis, we 
first note that without loss of generality, we can choose a basis in which m\ 2 = 0. In this 
case, cos 2 2/3 becomes a physical parameter as noted at the end of section |H] Moreover, 
we can make an additional phase rotation $2 ^ $2 such that the two neutral scalar 
vacuum expectation values are real. The minimum conditions [eqs. (|A4|) and (|A5j) ] fix the 
values of m\ x and m\ 2 , leaving twelve parameters: vi, v 2 , the real couplings Ai, . . . , A 4 and 
the complex couplings A5, A6 and A7. But, in the basis where m\ 2 = 0, the imaginary 
part of the minimum conditions [eq. l)A7jl ] implies one relation among Im A5, Im X e and 
Im A7. Thus, we again end up with eleven independent parameters, as expected. We may 
also obtain the same result by employing an elegant technique advocated in refs. j^J and 
|3ll | . In the generic basis, the scalar Higgs potential consists of six real and four complex 
parameters. If the Higgs potential is set to zero, the scalar Lagrangian possesses a U(2) 
global symmetry corresponding to arbitrary U(2) transformations in the "flavor" space of 
Higgs doublets {$1 , $ 2 }. In particular, note that U(2) ^ SU(2)xU(l) Y , where the SU(2) is 
a global flavor symmetry not to be confused with the gauged SU(2) of the Standard Model. 
When the Higgs potential is restored, the scalar Lagrangian is no longer invariant under the 
SU(2) global flavor transformations. That is, the effect of the flavor SU(2) transformations 
is to transform the Higgs potential parameters. However, we are always free to redefine 
the scalar fields by the flavor SU(2) transformation. A general SU(2) transformation is 
determined by three parameters. Thus, three of the fourteen Higgs potential parameters 
can be transformed away (or set to zero) by an appropriate flavor SU(2) redefinition of the 
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two scalar doublet fields. This leaves eleven physical degrees of freedom, again confirming 
our previous counting. 



APPENDIX B: INVARIANTS BY EXPLICIT CONSTRUCTION OF EIGEN- 
VECTORS 

In this Appendix, we explicitly construct eigenvectors of the hermitian matrix V a i = v a Vr 
[where v is the unit vector of Higgs vacuum expectation values defined in eq. (J7J)], and 
contract them with the Higgs potential parameter tensors (Y and Z) to obtain index-free 
"objects". By carefully considering the phase transformations on the eigenvectors, we will 
see that some of our objects are invariants with respect to U(2), and some pick up phases 
under U(2) transformations. The latter set can be combined into the invariants of section ITT1 

Consider the two orthonormal eigenvectors of V: 



with the inverse relation = e & iWb- In eqs. (0) and (jA2|) . a global U(l)y rotation has 
been employed to eliminate the overall phase factor e lv in v. However, it will sometimes be 
convenient to use the more general forms given in eq. (jBl|) . 

Given a generic basis and the corresponding form for €>, we can transform to another 
basis by redefining the scalar fields via $>' a = U a i<&i,. The most general U(2) transformation 
is given by 



where < 9 < n/2, and < 7 < ir and < ( , ip < 2it. 26 The subgroup of U(l)y global 
hypercharge rotations corresponds to freezing the values of 9, 7 and (, and the subgroup 
of the flavor SU(2) transformations corresponds to freezing the value of ip. Starting from 
the generic basis, we first make a U(l)y transformation to set r\ = in eq. (jBl|) . Then, we 
may employ the flavor SU(2) transformation given by ip — , 7 = X> C = ^ — X an( i 9 = f3 

26 Note that for fixed 8, U does not change when ip, 7, ( —> it + [ip, 7, £]. Thus, we have chosen to restrict 
X to lie between and it (other choices are possible). If ip = 0, then eq. (|B2f) provides a parameterization 
of SU(2)/Z2. In this case, the full SU(2) group manifold can be covered by extending the range of 7 to 
< 7 < 2tt. 




(Bl) 




(B2) 
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to rotate from the generic basis to the Higgs basis as specified by eq. (|A10[) . Applying this 
form of U to v and w [eq. ()B1|) with rj — 0] yields the corresponding results in the Higgs 
basis: v = (e* x ,0) and w = (0,e~ lx ). The parameter x reflects the non-uniqueness in the 
definition of the Higgs basis, as discussed in Appendix lAl 

We now turn to the task of constructing U(2)-invariant (scalar) combinations of Higgs 
potential parameters. We shall also construct objects that are invariant with respect to 
the flavor SU(2) transformations, but not necessarily invariant with respect to the full U(2) 
group. These objects are useful, but they do not correspond directly to physical quantities. 

We may combine the tensors Y ab , Z abcd , v a , vl, w a and wl to create scalar quantities by 
summing over pairs of indices (following the rule that the summed index pairs must contain 
one unbarred and one barred index). A U(2) transformation can be written as U = e l ^U 
with det U — 1. With respect to the flavor-SU(2), both v and w transform covariantly: 27 
v a — > U ab v b then w a — > U ab w b . With respect to U(l)y, v inherits the transformation law of 
$ a . Hence with respect to U(2) transformations, v a — > U a iVb- In contrast, 

w a ^ (&etU)- l U al w b . (B3) 

That is, v and w transform oppositely with respect to U(l)y as expected. 

It is now straightforward to construct index-free objects that are linear in the Higgs 
potential parameters. We obtain three squared-mass invariants: 

Yi = Y ab % Vb, Y 2 = Y a i wl w b , Y 3 = Y ah v* a w b , (B4) 

and seven coupling invariants: 

Zx = Z a - baI % v b v* 5 v d , Z 2 = Z abcd wl w b w* 5 w d} (B5) 

z s = z alcd % v b wl w d} Z 4 = Z abcd - wlv b vlw d , ( B6 ) 

^5 = Z abcd vl w b % w d , (B7) 

Za = Z abcd vlv b vlw d , ( B8 ) 

Z 7 = Z abcd vt Wb wlw d . (B9) 

27 The fact that w transforms covariantly under SU(2) transformations, U, is a consequence of the well- 
known identity among Pauli matrices: a^acri — 3*. This identity can be used to prove the relation 

€abU lb = U ab e bc- 
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Noting the transformation law for w [eq. (jB3|) ]. it then follows that the real quantities 
Y\, Y2, -^1,2,3,4 are U(2)-invariants, whereas the complex quantities Y3 and ^5,6,7 are only 
flavor- SU (2 )-invariants. However, from the four complex flavor-SU(2)-invariants, we can 
construct seven real U(2)-invariant quantities: the magnitudes \Y 3 \ and |Z5 6 7 |, and three 
relative phases: arg(F 3 2 Z£) , arg(F 3 Zg) and &rg(Y 3 Zj). Thus, we have recovered the thirteen 
U(2)-invariant quantities given in eqs. (|14 p — ()23j l . Imposing the scalar potential minimum 
conditions [eqs. (jSUj) and (|3*T]l] reduces the number of physical degrees of freedom to eleven 
as expected. 

Let us first evaluate eqs. (|B4)l - (jB9|) in the Higgs basis where v = (e* x , 0) and w = (0, e~ %x ). 
By inspection, one obtains 

Y 1 = M 2 U , Y 2 = M% 2 , Y 3 = -M 2 12 e- 2 ^, Z l = A % (z = l,...,4), 

Z 5 = A 5 e" 4 ^ , Z 6 = A 6 e~ 2 ^ , Z 7 = A 7 e~ 2tx . (BIO) 

The appearance of the x-dependent phases in the expressions for the complex invariants 
in eq. (|B10|) is expected. As noted below eq. (|A24|) . if one transforms from the Higgs basis 
with x — to a Higgs basis with arbitrary x, then M 2 2 , Aq, A7 — > e 2rlx [M 2 2 , Aq, A7], and 
A 5 — > e 4 * x A 5 . But, this is precisely what is needed to ensure that Y 3 and ^5,6,7 are invariant 
with respect to the flavor-SU(2) transformation Ud = diag(e* x , e~ lx ). One can also evaluate 
eqs. ()B4|) - (|B9j) in the generic basis where v and w are given by eq. (jBl|) with 77 = 0. The 
result of this computation simply reproduces the results of eqs. ()A13|) - (jA22j) . 

Using eqs. (j2J and (jlj), one can show that eqs. (|B4ft - (|B9j) exhaust all possible independent 
invariants that are linear in the Higgs potential parameters. For example, by inserting 
w a = —e a bdl into eqs. (jB4j) -(|B6 j) . one finds: 

Y 1 + Y 2 = TrY, (Bll) 

Z 1 + Z 3 = Z%v* a v b , (B12) 

Z l + Z, = zVv*v b , (B13) 

Z x + Z 2 + 2Z 3 = Tr Z (2) , (B14) 

Z x + Z 2 + 2Z 4 = Tr Z {1) , (B15) 

which demonstrates that Z^v^tib and Tr Z^ (k = 1,2) are not independent invariants. 
Note that the latter two invariant quantities are independent of the vacuum expectation 
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values, and thus correspond to combinations of the Higgs self couplings that are invariant 
under an arbitrary change of basis. 28 Furthermore, e^gCM Z a i c d — Tr [Z^ — Z^] = A3 — A4 
is not independent from the invariants of eqs. (jB14j) and ()B15|) . 29 

If we restrict our considerations to a CP-conserving theory, where all scalar coupling 
parameters may be taken real and basis changes are restricted to those related by 0(2) 
transformations, then the distinction between barred and unbarred indices becomes irrel- 
evant. In this case, one more independent invariant arises that is linear in the couplings: 
Z a bab = Ai + A 2 + 2A 5 , with respect to any real basis choice. 30 

Likewise, one can also construct additional invariants involving higher powers of the mass 
terms Y and the couplings Z. For example, 2x2 matrices satisfy 

det Y = \e bd e m Y al Y cd = \ [(Tr Y) 2 — Tr Y 2 } . (B16) 

This yields the (invariant) determinant. One can also construct invariants that depend on 
inverse powers of Y [since Y~ l transforms the same way as Y under U(2)]. However, accord- 
ing to the Cayley-Hamilton theorem, all matrices satisfy their characteristic equations |32j |. 
Consequently, (det K)[K _1 ] a g = (Tr Y)5 a i — Y a i. Thus, it is sufficient to consider invariants 
constructed out of positive powers of Y . One can define a number of different inverses for 
Z depending on how one sums over the repeated indices. Nevertheless, a similar conclusion 
holds and one can restrict considerations to invariants involving positive powers of Z. 

As a final application of these techniques, we briefly discuss the Z 2 discrete symmetry 
$1 — > +$1, $ 2 — > — $2> which implies that nr^2 — Ag — A7 — in some basis. In section llll Bl 
we have exhibited U(2)-invariant (basis-independent) conditions in terms of commutators 
of Higgs potential coupling second-rank tensors that imply the existence of a basis where 
the Z 2 discrete symmetry is manifest. Here, we provide another method for constructing 
U(2)-invariant conditions. In this method, we introduce the two orthonormal eigenvectors of 
Y ab , which we shall denote by y and z. It is convenient to define z a = —e^y^, since z a yi = 0. 



28 That is, Tr = Z a&bb = Ai + A 2 + 2A 3 and Tr = Z a - bba = Ai + A 2 + 2A 4 , with respect to any basis 
choice. 

29 Once can also define X a b = e c dZ aSb( i. However, employing this tensor does not lead to any genuinely 
new invariants. One can easily verify that X a b — (A3 — A4) e a b, which we recognize as an SU(2)-invariant 
tensor. 

30 Note that eqs. l|Xl6 |l -l|X2T) )l yield the relation Ai + A 2 + 2 Re(A 5 e 2 ^- 2 x)) = Ai + A 2 + 2 Re(A 5 e 2l «). 
However, one cannot extract from this result a quantity that is invariant under the most general flavor 
SU(2) and U(2) transformations. 
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It then follows that: 

Y al %z b = 0. (B17) 

That is, m 2 2 = in any basis where y = (e lXv ,0). The freedom to vary < Xy < 71 
corresponds to the simple fact that if m\ 2 = in some basis $ a , then m\ 2 = is also zero 
in the rotated basis (L^)^^, where Ud = diag(e JXa , e~ lXy ). Eq. ()B17|) also implies that y 
and z transform covariantly with respect to the flavor-SU(2). To derive this result, we write 
U = e^U as before, where det U = 1. Using the U(2) transformation law satisfied by Y ab -, 
it follows that y and z transform as y — > Uy and z — > Uz. The behavior of y a and z a under 
U(1)y transformations is arbitrary. 31 Independently of the behavior of y and z under U(1)y, 
eq. ()B17|) is a U(2)-invariant equation since any overall phase of yi z b simply drops out of 
the equation. 

Eq. (jB17|) can be used to derive the value of cos 2 2/?, where v — (cp , Spe^) in the eigenbasis 
of Y {i.e., the basis where Y is diagonal). In this basis, we may take y = (1, 0) and z — (0, 1). 
Transforming to the Higgs basis [eq. (|A10j) ]. one finds that y = {e %x cp , — e l ^~ x ^sp) , z = 
(e~ l ^~ x hf3, e~ %x cp) and v = [e %x , 0). Thus, evaluating eq. (|B17j) in the Higgs basis, we 
obtain: 

{Y22 ~ Y ll )s p cp = Y 12 e^~ 2x ^4 - Y* 2 e-^~ 2x hl . (B18) 

However, eq. (jA15|) implies that Y^e 1 ^" 2 ^ is real. Thus, we may write Y 12 e^- 2 ^ = ±\Y l2 \, 
where the choice of sign reflects two possible transformations from the eigenbasis of Y to 
the Higgs basis (which differ by the interchange of $1 and $2 in the eigenbasis of Y). 



Consequently, eq. (|B18j) implies that 

T^^Wl^' (B19) 

which is equivalent to the result previously given for cos 2 2f3 [see eq. evaluated in the 
Higgs basis. 

The basis-independent conditions for the $1 — > +$1, $2 —* — $2 discrete symmetry are 
given by: 

Z alc<! y* a y b y* 5 z d = 0, (B20) 

ZabcdZ*aZbZ*cyd = 0- (B21) 



31 Since Y a i is invariant with respect to U(1)y, the eigenvalue equations that defines y and 2" are unchanged. 
The orthonormal eigenvectors are always defined only up to an arbitrary phase. 
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As above, any overall phase redefinitions of y and z have no effect on eqs. (jB20|) and (|B21|) . 
which ensures that these are U(2)-invariant conditions. 

One can use these results to obtain conditions that depend only on invariant combinations 
of Higgs potential parameters. As above, our strategy is to evaluate eqs. (jB20|) and (jB21j) 
in the Higgs basis. The outcome of this computation is two independent relations among 
invariant combinations of Higgs basis parameters. The details are not very illuminating, 
so we omit them here. One can check that evaluating the commutator conditions given in 
section IIII Bl in the Higgs basis produces equivalent results. 

Suppose that in the basis where the discrete symmetry $1 — > +$i, $2 —* —^2 is manifest, 
one also has A5 = 0. Then, the discrete symmetry is promoted to a global U(l) Peccei-Quinn 
symmetry corresponding to $1 — > e* a $i, $2 ~~ > e~ ta <&2- This symmetry is spontaneously 
broken by the scalar field vacuum expectation values. Consequently, the (tree-level) mass 
of the CP-odd Higgs scalar (which is to be identified with the axion [33]) must vanish. The 
basis- independent conditions for the existence of the Peccei-Quinn symmetry are given by 
eqs. (|B17J) - (|B21J) supplemented by a fourth condition: 

Z aicd y* a z b y* 5 z d = 0. (B22) 

Again, we may evaluate eq. (jB22|) in the Higgs basis. Combining this result with the corre- 
sponding relations obtained from eqs. (|B17|) - (|B21J) . it is possible to prove [using eqs. (|A26Jl 
and (JKHJ) ] that m 2 A = 0, which identifies A as the axion. 



APPENDIX C: DISCOVERING A DISCRETE SYMMETRY 



In ref. |26j |. a 2HDM is presented that possesses a permutation symmetry in which the 
scalar La grangian is invariant under the interchange of $1 and $2 in the generic basis. As 
a result of the permutation symmetry, it follows that 32 

m\ x = ml 2 , Ai = A2 , and A7 = Ag , with m\ 2 and A5 real . (CI) 

In this model, we shall verify that the commutator conditions [eqs. (|3~5j) and (J4*U|) ] of sec- 
t ion IIII Bl are satisfied, thereby "discovering" that this model respects the discrete symmetry 



32 The authors of ref. |26| assume in addition that \q is real, although this is not required by the permutation 
symmetry. 
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$' x — > $' x and $2 — > — $2 m some new basis Inserting eq. (|C1|) into the definitions of Y, 
and Z^ 11 ^, one can check that the two diagonal elements of each of the three matrices 
are equal. Similarly, the two off-diagonal elements of each of the three matrices are equal. 
All 2x2 matrices with these properties commute. Thus, eqs. (J39j) and (J4U|) are verified. 

Although the invariant conditions provide a powerful method for analysis, this particular 
model is simple enough for pedestrian methods. In particular, starting from from the $-basis 
that respects the $i <-> $2 permutation symmetry, one may employ eq. (jB2|) to transform 
to a new <3>'-basis. Then, the new basis respects the $' x — > $ 2 — > ~ ^'2 discrete symmetry 
if 9 = 7r/4 and ( + 7 = 0. One can now check that for £ = 0, the $'-basis corresponds to 
the Higgs basis, while for £ 7^ and A 6 real, the $'-basis is related to the Higgs basis by a 
rotation of (3 = f/2 or (3 = (it - OA 

Having identified the Z2 discrete symmetry, it follows that the model is CP-conserving. 
This conclusion is less transparent in the original basis [where eq. (|C1|) is satisfied]. Consider 
that one solution to the scalar potential minimum conditions [eqs. (1A4J) and ()A5jl ] is (3 — 7r/4. 
By subtracting the two minimum conditions, one finds that 

m? 2 -|t; 2 (A5COs£ + A 6 )]sin£ = 0. (C2) 

Two cases can be examined. If Im X e 7^ 0, then the only solution to eq. (jC2|) is £ = (mod 71). 
If A6 is real, then a second solution for £ exists, cos£ = (2mf 2 — Xqv 2 )/(\^v 2 ), which implies 
that the vacuum expectation value has a non-trivial complex phase. In this case, one might 
naively assume that CP is spontaneously broken, but ref. 26] shows that this is a false 
conclusion. 

It is noteworthy that in first case above, A6 was complex in a basis where all other scalar 
potential parameters and the vacuum expectation value are real, and in the second case 
above, the vacuum expectation values exhibited a relative phase in a basis where all Higgs 
potential parameters are real. Nevertheless, it is straightforward to check that in both 
cases, the three CP-odd invariants Ji, I2 and I3 [eq. (J58|) ] are real. Indeed a 2HDM model 
that respects a permutation symmetry $1 <-» $2 is explicitly CP-conserving, and CP is not 
spontaneously broken by the vacuum. 
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